Two quantum measurements sequentially acting one after the other, if they are mutually unbiased, will lead to a complete removal of information encoded in the input quantum state. We find that if the order of the two sequential measurements can be superposed, with a quantum switch, then the information encoded in the input can still be retained in the output state.
Introduction.-Quantum mechanics, in its usual considerations, implicitly assumes that space and time stand fixed, and the events take place with a definite causal order. If we forgo the idea of the definite ordering of events and assume the validity of quantum mechanics locally, then quantum mechanics allows quantum particles to experience coherent superposition of alternative evolutions [1, 2] , or to experience a set of evolutions in the superposition of alternative orders [3, 4] . In principle, quantum mechanics does allow for such superpositions.
For example, if a particle travels through a superposition of alternative paths, the interference of noisy processes on different paths leads to a cleaner communication channel [5, 6] .
Similarly, it has been observed that when a particle experiences a noisy process in the superposition of orders, the interference between the alternative ordering of processes leads to boost in the capacity to communicate classical and quantum bits [7] [8] [9] [10] . Chiribella et al. [3] introduced the notion of quantum switch, which allows two different orderings of processes to be superposed, giving rise to a feature called causal non-separability [11] [12] [13] . In recent years, the application of quantum switch and other causally non-separable processes have led to quantum advantage in various tasks, such as testing properties of quantum channels [4, 14] , winning nonlocal games [11] , metrology [15] , improving teleportation protocols in noisy scenarios [16] , and reducing quantum communication complexity [17] . The advantage of a quantum switch has been experimentally demonstrated in various photonic setups [18] [19] [20] .
In this paper, we investigate the effect of superposing two alternative orderings of noncommuting sequential measurements on a quantum system. Measurement in quantum mechanics connects the quantum world to the classical one. Any measurable property, known as observable of a quantum system, is attached to a measurement operator, sayM , and a definite value of an observable can only be assigned to a system when the system is an eigenstate of the operatorM . Two observables, M and N , of a system can simultaneously be assigned values only when the system is in an eigenstate of both the operatorsM andN .
In this work, we show that when the two different causal orderings of two non-commuting mutually unbiased measurement operators are allowed to act on a quantum system coherently, using a quantum switch, then the resulting state still has quantum information about the input. This is strikingly different from the situation when two orders of the sequential measurements act incoherently on the input state, and in such cases, the output does not have any information about the input quantum state. We first analyze the set-up where the Hilbert space dimension is two, and later generalize the considerations to higher dimensions.
Fourier-inverted measurements and a quantum switch.-Consider a Hilbert space H with dim H = d, and two sets of mutually unbiased bases (MUBs) [21] [22] [23] of it. Two sets of mutually orthonormal vectors,
This can be achieved in any dimension by considering {|f j } to be Fourier-inverted vectors of the set {|e j }. Using the MUBs, we define positive operator valued measure (POVM) operators,
Here, I denotes the identity operator on the Hilbert space H. An arbitrary element of {E i } does not commute with the same of {F i }. These POVMs actually belong to the restricted class of projective measurements. The two POVMs can act sequentially on a state ρ s on H.
The two sets of sequential measurements have two physically different orderings.
A quantum switch superposes the two orderings of the measurement processes, by using a control qubit, as schematically depicted in Fig. 1 . If the two processes N 1 and N 2 are completely depolarizing channels, then a coherent superposition of the channels still allows some information to be passed from input to output [7] [8] [9] . Intuitively, it is the non-commutativity of the Kraus elements of the maps N 1 and N 2 that leads to the "super-activation". We ask the question whether non-commutativity of measurement elements can also lead to such a super-activation?
The two orders of the non-commuting sequential measurement elements, E i F j and F j E i , can be applied coherently on a state ρ s using a control qubit ρ c . The Kraus operators for the process are given as
with I 4 denoting the identity operator on C 4 . W ij represents the measurement outcomes when the two non-commuting measurement elements, E i and F j , act sequentially on a quantum state ρ s in two different orders, coherently controlled by using a control qubit ρ c .
The final state after coherent application of the two sequential POVMs is [24] (see also [25] [26] [27] ), where preparation in different MUBs are used to defeat the eavesdropper.
However, as we will find out, a superposition of these two measurement processes leads to an output that does contain non-trivial quantum information about the input state.
A general qubit state on the Bloch sphere can be represented as ρ s = 1
where I 2 is the identity operator on C 2 , − → σ is the three-element vector of Pauli matrices (σ x , σ y , σ z ), and − → r = (r x , r y , r z ) = (cos φ sin θ, sin φ sin θ, cos θ) is the unit Bloch vector.
The control qubit is fixed to the state ρ c = |ψ c ψ c |, where |ψ c = √ p|0 + √ 1 − p|1 and p is a parameter that regulates the coherence of the control state.
When the two measurements operate in a superposition of different orders, E i F j and F j E i , on a state ρ s , using a quantum switch, the output state is given as
After simplifying, we get the output density matrix as
where α = And the amount of that information can be quantified by D N ρ c ⊗ ρ s || ρ c ⊗ 1 2 I 2 , as ρ c ⊗ 1 2 I 2 represents the joint state when the effect of the control qubit is absent. The output density matrix after the coherent sequential measurement has off-diagonal terms, in contrast to the case of incoherent sequential measurements. The control qubit is made incoherent by setting p = 1 or p = 0, which in turn makes the off-diagonal terms of the output density matrix in Eq. (5) to vanish. This means, in particular, that when the two orders of sequential measurements act incoherently on the input state, then the final state after the measurement will have only diagonal terms in the density matrix. The same happens when we choose ρ c = p|0 0| + (1 − p)|1 1|, where 0 ≤ p ≤ 1.
Fourier-inverted measurements for qudits.-We now consider a d-dimensional Hilbert space with MUBs, |φ b n , where b labels the basis and n = 1, 2, . . . , d labels the vectors within a basis. The number of values that b can assume is not known, but for every dimension, d, one can always choose a computational basis and its Fourier inverse, which will be MUBs. The set of projectors that can be defined using the b th basis vectors,
, form a set of measurement elements, M b n ≥ 0, ∀n, and n M b n = 1, ∀ b,. Now, using any pair of measurement operator M k i and M l j , defined using the k th and l th MUBs, we can construct two causal orders of sequential measurements, viz. M k i M l j ij and M l j M k i ji . The two orders of the non-commuting sequential measurements can be applied coherently on a stateρ s using the quantum switch discussed earlier. The Kraus operators for the process are given by
with I 2d being the identity operator on C 2d . The state after the action of the quantum switch is given as
whereρ s is a general quantum state on C d .
It can be shown, via explicit analytical calculations, for Hilbert spaces of relatively small dimensions that the state after application of the quantum switch is not diagonal and the final state depends on the coherence of the control qubit. Therefore, if the two non-commuting sequential measurements are applied coherently on the input state, then the output density matrix will have off-diagonal elements, containing quantum information of the input. Otherwise, the density matrix will be the identity matrix, as seen in case of the two-dimensional Hilbert space.
Discussion.-We consider a setup where two non-commuting measurement operators are made to act on a quantum state in two different orders coherently. We find that when the two sequential orderings of measurement operators are applied coherently on a quantum state using a quantum switch, then the output state has non-zero off-diagonal elements. This is surprising when compared to the case where the two orderings of measurement operators are applied incoherently, as for the latter, the off-diagonal elements are zero.
We know from the conceptualization of MUBs that when a system in any state is measured in one basis, the probability distribution upon measuring it in a second measurement basis, with the two bases being mutually unbiased, is completely random [21] [22] [23] . It means, in particular, that the final density matrix of the system will be diagonal. We find that when the sequential measurement order is coherently superposed using a quantum switch, then the output density matrix has non-zero off-diagonal elements.
This result would potentially have an impact on quantum tasks such as the quantum key distribution [24] [25] [26] [27] where preparation of the encoding states in different MUBs is used to baffle the eavesdropper. Although we have used mutually unbiased measurements, which are projective measurements, the set-up can potentially be extended to any pair of noncommuting generalized measurements.
